We employ the mean-field approach in the fermionic picture of the spin-1/2 XXZ chain to investigate the dynamics of bipartite quantum discord and concurrence under sudden quenching. In the case, when quenching is performed in the anisotropy from an initial value to the critical point, the quantum correlations show periodic cusps in time. Moreover, the first suppression (cusp) in quantum correlations can be explained in terms of the semi-classical picture of quasiparticle propagation. On the other hand, quenching to, as well as away from the criticality point shows that the long time pairwise quantum discord gets enhanced from its initial state. Finally, we show that in the gapped region a quench in the transverse field displays survival of the next nearest-neighbor quantum discord. Our results provide a further insight into the dynamical behavior of quantum correlations and their connections to quantum criticality.
I. INTRODUCTION
Isolated many-body quantum systems, driven away from their equilibrium state, exhibit several interesting features that are important from both fundamental [1] [2] [3] [4] [5] and applied perspectives [6] [7] [8] [9] [10] [11] . Observing the nonequilibrium dynamics of many-body quantum systems has been made possible in laboratories due to the development of experimental tools in optical lattices, cold atoms, and ion-traps [12] [13] [14] [15] [16] [17] [18] . These labs can simulate Hamiltonian dynamics by tuning the control parameters in required ways and can monitor the dynamics of a relatively large number of the constituents. Such experimental setups also allow one to manipulate the system dynamics collectively under the sudden change of engineered Hamiltonian and to record the changes that take place in the dynamics starting from an equilibrium state.
With the success at the experimental front, theoretical study of non-equilibrium dynamics in the closed manybody quantum system has withnessed a new horizon. For example, tracing the influence of equilibrium phase transition in the evolved state, attempts have been made to find universal properties in dynamics similar to the equilibrium phase transitions [3, [19] [20] [21] [22] [23] [24] [25] . A specific scenario pertinent to non-equilibrium dynamics in isolated many-body systems is sudden quenching, where system parameters are being switched abruptly, leading to the unitary dynamics [26, 27] . An interesting choice of the quenching protocol is to switch system parameters to, or close to, the equilibrium critical point. These choices of parameters allow observing certain features in contrast to the quenching away from the critical point. This sharp behaviour can be taken as the signature of criticality [24, 28] .
Several static [29] [30] [31] [32] and dynamical [26, 27, 33, 34] properties of solid-state systems can be inferred from the investigation of bipartite quantum correlations, such as entanglement [35] [36] [37] and quantum discord [38] [39] [40] [41] [42] [43] . These quantifiers of quantum correlation can also be realized nowadays experimentally in various setups [14, 18, 44] . The attention towards the study of the quantum correlations, on one hand, is because of their decisive participation in various information processing and computational protocols [45] [46] [47] [48] [49] . On the other hand, they have also been relevant to successfully detecting quantum criticality of systems in equilibrium [29] [30] [31] [32] [50] [51] [52] [53] [54] . Despite several efforts to associate the dynamics of quantum correlation and quantum phase transition, the universal behavior has not yet been fully established. Therefore, it would be necessary to fill the gap by investigating the dynamics of quantum correlations in non-integrable models. This paper investigates the dynamics of entanglement and quantum discord in a one-dimensional XXZ chain in the presence and absence of a transverse field. To obtain the time-dependent reduced density matrix between two sites, here, we apply a combination of JordanWigner transformation and mean-field approach. This allows us to write the reduced density matrix in terms of two-point fermionic correlation functions, by solving a set of self-consistent equations. This method has been applied to the equilibrium case [55, 56] , but to the best of our knowledge, has not been explored for the dynamics. It is known that the XXZ model in the presence of the arXiv:1807.08575v1 [quant-ph] 23 Jul 2018 transverse field is non-integrable [57] , in which two interesting choices of parameters for quenching can be considered. One of the possibilities is quenching the anisotropy parameter, ∆, which can be tuned across different phases connecting gapped to gapless, and then again to gapped ground state. Another choice is quenching the transverse field from different non-integrable limits to an integrable limit. Note that the presence of the transverse field can open a gap in the system of an otherwise gapless phase. With the above choice of quenching parameters in the Hamiltonian, we find several compelling results summarized as:
(i) We note the occurrence of periodic cusps in the dynamics of quantum discord between nearest neighbor for quenching the anisotropy parameter to the critical point. Furthermore, the first cusp occurs when the quasiparticles are traveling with the group velocity at the critical point.
(ii) For the general quenching of the anisotropy parameter, the quantum discord increases in time.
(iii) For a large quenching in the transverse field, the quantum discord between the nearest neighbor spin pairs becomes vanishingly small in the region 0 ≤ ∆ < 1, while quantum discord of the next to next neighbor spin pairs becomes finite, for the same parameters.
The paper is organized as follows. In the next section, we introduce the model and derive an analytical form for the entanglement and the quantum discord. In section III, we present the sudden quench protocol and expression for the time-dependent two-point correlation functions to obtain the reduced density matrix. In Sec. IV A, we present our result on periodic cusp behavior. Sec. IV B presents the dynamics of nearest neighbor concurrence, next to next neighbor and 3rd neighbor quantum discord between the spin pairs for quenching the anisotropy parameter. Section IV C describes the effects on the dynamics of quantum correlations by quenching the magnetic field, and finally, we summarize the results in Sec.V.
II. THE MODEL AND QUANTUM CORRELATIONS
The model: We first outline the main features of the XXZ chain in the absence as well as presence of a transverse magnetic field, respectively. The interaction Hamiltonian of spin-1/2 XXZ Heisenberg chains in a zero field is given by
where S j is the spin-1/2 operator at jth the site. Here, J > 0 denotes the antiferromagnetic exchange coupling, ∆ is the anisotropy parameter, and we consider periodic boundary condition, i.e, S N +1 = S 1 . It is well known that at zero temperature the ground state of the XXZ model has there different phases [58] . In which, for the limiting case of ∆ < −1, the ground state has a ferromagnetic alignment, accordingly the system shows a first order transition to the gapless Luttinger liquid at ∆ = −1, and finally by undergoing a continuous quantum phase transition at ∆ = 1, it arrives in the antiferromagnetic phase.
Introducing a transverse magnetic field along the xdirection breaks the U (1)-symmetry and the resulting Hamiltonian becomes non-integrable. To study such a model, it is useful to rotate the spins around y-direction by π/2, which reshapes the Hamiltonian as [59] (2) with h as the external transverse magnetic field. Further, by applying the Jordan-Wigner transformation, S
, the Hamiltonian is mapped onto the interacting fermionic chain
where
are spin raising and lowering operators at site j and a † (a) are the fermionic raising (lowering) operators, respectively. In the next step, we decompose the fermionic interaction terms, a † j a j a † j+1 a j+1 , using the Wick's theorem, and define the parameters Υ i=1,2,3 as an expectation value of the fermionic twopoint correlation functions [55] ,
Here, the expectation values, · · · , are calculated in ground state of the Hamiltonian, and · · · is indicating the averaging over the lattice sites. Since the system is translationally invariant, we may move to the Fourier space, a j = (1/ √ N ) q e −iqj a q , and employ the Bogoliobov transformation
to bring the Hamiltonian in a diagonalized form of
Thus, the energy spectrum, ε q , is obtained as
with tan(2θ
The above exercise gives the following equations which have to be satisfied self-consistently
Concurrence: The concurrence is a measure of entanglement between two spins at site i and j. It can be obtained from the corresponding reduced density matrix, ρ ij [35, 36] . In the standard spin basis, we have
where P ↑/↓ j = 1 2 I ± S z j , and I represents the 2 × 2 unit matrix. One can move from the spin-spin correlation of the pairs with the distance m, (i, j = i + m), to the fermionic picture with two-point correlation functions, and obtains
By considering n i = a + i a i as a fermionic occupation number of the ith mode, we have
Therefore, the concurrence of the density matrix, Eq. (10), is given by
with
Quantum discord: In order to capture the quantum correlation present in a bipartite state that are not explored by concurrence, one can also calculate the quantum discord [30] . The quantum discord is defined by difference of total correlation, I(ρ i,i+m ), and classical correlation, C(ρ i,i+m ), as
The total correlation can be calculated as follow
where λ α is the eigenvalue of the density matrix ρ i,i+m , and
Here, c i=1,...,4 , are expressed as
Note that due to the translation invariance of the original Hamiltonian, the single site density matrices ρ i and ρ i+m are equal, therefore we have S(ρ i ) = S(ρ i,i+m ).
The calculation of the classical correlation, C(ρ i,j ), requires an optimization over rank-1 local measurements on part B of ρ i,j [38] (here we have taken site j of ρ i,j as part B). A general set of local rank-1 measurement operators, {B 0 , B 1 }, can be defined as B k =0/1 = V Π k V † , where V ∈ U (2) and the projectors Π k are given in the computational basis |0 ≡ | ↑ and |1 ≡ | ↓ . The post measurement outcomes get updated to one of the following states
where the elements of the density matrices are given by
Here the azimuthal angle θ ∈ [0, π] and the polar angle φ ∈ [0, 2π] represent a qubit over the Bloch sphere. By considering the normalization of the density matri-
j=1 χ 2 k j , we finally arrive to the classical correlation between the spin pairs [30] C(ρ i,i+m ) = max
where the von Neumann entropies are identified as
Note that the von Neumann entropy of V Π k V † is zero [30] .
III. QUENCH DYNAMICS AND TIME-EVOLVED REDUCED DENSITY MATRIX
For considering a quench dynamics, the system is prepared in the ground state, |Ψ 0 (∆ I , h I ) , at initial time t = t I = 0, then the parameters (∆ I , h I ) are switched suddenly to final values (∆ F , h F ) corresponding to the post-quench Hamiltonian H(∆ F , h F ) at time t = t F > 0. After that, the system is allowed to evolve according to |Ψ(∆ F , h F ) = e −iH(∆ F ,h F )t |Ψ 0 (∆ I , h I ) . In this case, the self-consistent equations, Υ 
and
for a given distance m. Here Φ q = θ F q − θ I q is the difference between the Bogoliubov angles diagonalizing the pre-quench and post-quench Hamiltonians, respectively. Note that, here, the expectation values, · · · , are calculated in the time evolve state for the dynamics. Thus, with the help of the above equations, one can calculate quantum correlations both for integrable/nonintegrable cases.
IV. RESULTS AND DISCUSSIONS
Most recently, salient features of dynamics have been linked to the equilibrium quantum phase transitions [4, 22, [60] [61] [62] [63] [64] . Specifically, it has been explored how distinct signatures of the equilibrium quantum phase transition is manifested in the dynamics when a system is quenched to the quantum critical point [4, 22, 60] . In a finite system with sudden quenches to a quantum critical point, as an example the relaxation of Loschmidt echo, is found to be accelerated [23, 60, [65] [66] [67] [68] [69] with periodic reoccurrence as a signature of criticality [4, 22, 24, 28, 60, 65] . In general, the Loschmidt echo can be related with the quantum discord and the concurrence [27, 70] . In the following subsections, we describe the dynamics of quantum discord under the sudden quenching to the critical point and report the occurrence of periodic structure in its dynamics. Then we analyze two possible scenarios of quenching, namely (i) quenching anisotropy parameter, ∆, in the zero transverse field, and (ii) quenching the transverse field while keeping the fixed value of anisotropy parameter.
A. Periodic suppression in quantum correlations
In Fig. 1(a) the quantum discord of the first neighbor spin pairs has been depicted for quench of the anisotropy parameter from ∆ I = 0.98 to the critical point, ∆ F = ∆ c = 1, for different system sizes. As seen in Fig. 1(a) , the quantum discord starts from initial non-zero value and gets enhanced in a very short time period, then it keeps exhibiting periodic cusps. The first suppression time, T s , of the quantum discord has been plotted versus the size of the chain, N , in Fig. 1(b) . Examining the Fig. 1(b) shows that T s is behaving almost linearly with N , T s ∝ N . As expectation the scaling ratio is given by half of v −1 g , in which v g is the group velocity at the critical point defined by [4] 
Here ε q is the energy dispersion, which is presented with its corresponding group velocity, v g , in the Fig. 1(c) . The same feature of the first suppression time, can be extracted from both concurrence of the first neighbor as well as the quantum discord of second and third nearest neighbor spin pairs. The propagation of information in the system can be viewed as quasiparticle wave packets, therefor the first cusp only occurs when the wave packets travel with the group velocity at the critical point. This helps to elucidate the universality of the suppression phenomenon, since the group velocity depends only on the quasiparticle dispersion, and other details such as the initial state and the size of the quench are irrelevant.
B. Quench dynamics under anisotropic parameter: zero magnetic field
Based on the analytical approach (Sec. II), we now analyze the dynamics of quantum discord and concurrence after quenching the anisotropy strength, ∆, from the initial value, ∆ I , to the final point, ∆ F , in the integrable case of magnetic field of the model (Eq. 2) [57] . In this respect, Fig. 2(a) and Fig. 2(e) show the densityrepresentations of quantum discord for the nearest neighbor spin pairs versus time and ∆ F , quenching from ∆ I = 0 and ∆ I = 1.5, respectively. The quantum discord shows its maximum value at ∆ = ∆ c = 1, indicating the presence of critical point [29, 71] . In Fig. 2(c) , the pairwise nearest-neighbor quantum discord is plotted as a function of time for quenching from ∆ I = 0, where the initial state of system is in the Luttinger liquid phase, to different final values of ∆ F = 0.5, 1, 2, and 3. For the quenching within the Luttinger liquid phase, the quantum discord first increases as time increases and then tends to a constant value. For large size and across the critical point quenching, i.e., ∆ F = 2, and ∆ F = 3, the quantum discord rapidly increases with the increment in time to its maximum value, then suddenly drops to its minimum and then increases again to reach the saturated value with irregular oscillations. As a consequence, when quench is performed to the critical point or around it, the quantum discord enhances from the initial value to the saturated value after a long time. In Figs. 2(b and f) , we show the density-plots of the concurrence for the nearest neighbor spin pairs as a function of time and final anisotropy, ∆ F , for quenching from ∆ I = 0 and ∆ I = 1.5, respectively. They show, for a quench into the ordered phase and sufficiently far away from the critical point, that the concurrence initially decreases before showing the damped oscillations to its mean value. Note, these oscillations are tiny for smaller size of quench (|∆ I − ∆ F | < 1) while becomes prominent for a larger ones. Although the behavior of concurrence for a quench around the critical point is similar to the quantum discord, the maximum of the concurrence does not occur exactly at the critical point. This behavior can be clearly observed from the Fig. 2(d) , where the concurrence is plotted as a function of time for the fixed ∆ I = 0 and various ∆ F . Moreover, the entanglement is present only between the nearest neighbor spins, and an increment of time or size of quench do not create entanglement between spin pairs farther than the nearest neighbors. However, as shown in Fig. 3 , the quantum discord of the second and third neighboring pairs is nonzero, and as expected, it decreases between the spin pairs beyond the first neighbors. We find that while the maximum of the concurrence does not occur at the critical point, still one can detect the phase-transition via the maximum of quantum discord, even for pairs with higher distances. Even though, the maximum value of the quantum discord between the spin pairs decreases at large distance, the sharpness of the maxima is more prominent in the critical region. Therefore, out of equilibrium dynamics of quantum discord imprints the zero-temperature phase transition.
C. Quench dynamics of non-zero magnetic field
Now we examine the non-equilibrium dynamics of the quantum discord and concurrence by quenching the transverse magnetic field from a pre-quench finite value h I to a post-quench value h F = 0. The density plot of quantum discord between the nearest and next nearest neighbor spins is depicted in Fig. 4 versus time and anisotropy parameter for a quench in a different initial magnetic fields: h I = 0.2, 0.5, 0.8, 1.4, 1.6, and 2. It clearly indicates that the maximum of the quantum discord occurs at the critical point independent of the time. Next we observe that for the small quenches, the quantum discord reaches to a stable value in a long time albeit initial tiny fluctuations, up to a small time scale t ∼ O(10J −1 ), as can be seen from Figs. 4(a-c). Moreover, for a larger difference between the pre and postquench transverse field, the fluctuations in the quantum discord become prominent around their equilibrium value for a comparatively large time scale t ∼ O(40J −1 ), as seen from Figs. 4(d-f) . Thus, as anticipated, the system get driven away from its initial equilibrium state for large size quenches in the transverse field. At this point, it is also interesting to note that the survival of quantum discord between a pair of spins at the nearest neighbor sites depends on the value of the magnetic field, h I , and the anisotropic parameter. As the magnetic field is increased, the quantum discord decreases for lower values of the anisotropic parameter as can be noticed from Figs. 4(a-f) . This behavior has already been reported for the static case in the XXZ model with a transverse field [56] . Here, we extend this behavior for the time dependent case. From Fig. 4(f) , we notice a complete depletion of quantum discord for h I = 2 and 0 ≤ ∆ ≤ 1 for the entire time. This phenomenon is attributed to the fact that the initial state with a non-zero magnetic field becomes gapped. Therefore, generation of quantum correlations between the pair of nearest neighbor spins become stringent. As anisotropy is increased beyond ∆ c , the quantum discord increases to a non-zero value and remains so throughout the evolution time as depicted in Figs. 4(a-f) . This behavior is also similar to the observation for the static case [56] . Figs. 4(g-l) shows the dynamical behavior of quantum discord between spin pairs at the next nearest neighbor distance. The quantum discord between the next nearest neighbor spin pairs show maximum at ∆ c , similar to the quantum discord between nearest neighbor spin pairs shown in figures 4. The dynamics of Q i,i+1 and Q i,i+2 also shows the imprints of the equilibrium criticality at finite time as can be seen from the distinct dynamics of the quantum discord in the regime 0 ≤ ∆ < 1 and ∆ > 1. From Fig. 4(l) , it is observed that, unlike the Q i,i+1 , the depletion of quantum discord, Q i,i+2 , does not happen for h I = 2 and small anisotropy in long time. Rather, we noticed that Q i,i+2 is close to zero at initial time and then evolve to a non-zero value. Thus, though Q i,i+1 does not survive in the regime 0 ≤ ∆ ≤ 1 for large quenching, h I = 2 and h F = 0, the generation of Q i,i+2 , takes place in the same parameters. Finally, in Fig. 5 , we show the dynamics of nearest neighbor concurrence in the XXZ model by quenching the transverse field. We find that the behavior of nearest neighbor concurrence is similar to the behavior of nearest neighbor quantum discord. For small quenching, Fig. 5(a) , the variation in the nearest neighbor concurrence with time remains stable to a value close to its equilibrium value. As the quenching strength increases the evolution of concurrence with time is more prominent [see Figs. 5(b-f) ]. For a large system size and for a comparatively large quench, e.g., h I ≥ 1.4 and h F = 0, the concurrence oscillates in time for a short time scale and then saturates.
V. CONCLUSION
Dynamics of quantum correlations in closed manybody systems show several interesting features. However, their calculation in complex and non-integrable system is still a challenging task. We use the mean-field approach on fermionic picture together with Wick's theorem to diagonalize the Hamiltonian with three self-consistent equations. This enables us to study the dynamics of quantum discord and concurrence between two-sites in spin-1/2 XXZ model in absence and presence of an external transverse magnetic field. The XXZ model is known to host two gapped phases separated by gapless Luttinger liquid phase. When quenching of the anisotropy parameter is performed to the second order quantum critical point from the gapless phases, we observed that the quantum correlations exhibits periodic cusps as a function of time. The occurrence of first cusps corresponds to the suppression of quantum discord and the time of first suppression, T s , scales as system size, N . Incorporating a semi-classical picture of quasiparticles traveling as a wave-packet, the first suppression time can be predicted by T s = N/[2v g (q)], propagating with the group velocity at the critical point, v g . Thus, we are able to capture the semi-classical picture of information spreading in the quenched XXZ model using an analytical mean-field approach combined with numerical calculation of quantum discord.
In a separate case, we consider quenching of the anisotropy parameter from an initial value, belonging to either gapless or gapped phase, to arbitrary ∆ F . Here, we noticed that when the initial and final values of anisotropy belong to the Luttinger liquid phase, the quantum correlations saturate followed by monotonic increasing behavior with time. On the other hand, when the pre-and post-quench values of the anisotropy parameter are in the different phases, quantum correlations are observed to first decrease to a global minimum before reaching to their mean value following irregular oscillations. This shows that the dynamics of quantum correlations differ when quenching within the disorder phases and quenching from a disorder phase to an order phase. Moreover, the quantum discord between the first, second and third neighbor spin pairs, finds maxima at the critical point, while from our numerical results, the maximum of nearest neighbor entanglement is shifted from the critical point. Thus, the survival and occurrence of sharp changes in the behavior of quantum discord at the critical point can signal the criticality even in the system away from the equilibrium, while entanglement lack such indicator of criticality in the model. Noticing that the presence of a transverse field breaks the integrability of the XXZ model, we also consider quenching in magnetic filed from a non-integrable limit to integrable limit (h F = 0). It is known that the presence of transverse field opens a gap, which may cause a complete depletion of quantum discord between nearest neighbor spins for 0 ≤ ∆ < 1 for large quenching, |h I − h F | > 1.5. Interestingly, the calculated results of next to next neighbor spin pairs quantum discord, Q i,i+2 , shows non-zero value in the same regime. It concludes that the present technique can capture silent features of dynamics of quantum correlations in gapped and gapless phases of quantum many body systems.
